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Abstract

The abstract state machines (of Y. Gurevich) capture all sequential
algorithms, so we define the set of polytime algorithms as the set of all
programs (from ASM) computed in polynomial time . Then we construct
an imperative programming language (P) using bounded loop with es-
cape and running with general data structures, that compute all and only
polytime algorithms in lock step (one step in the ASM is simulated by k
steps in P).

Context

For a long time there are many tentative to capture the set of functions com-
putable in polynomial time ([BC92, Nig05] and [Bon06]). Of course the main
motivation is to find ”pleasant” syntactical (and semantical) languages to cap-
ture this set. Sometime, the main motivation is to capture more algorithms
than the previous models or to give simpler method to decide a program is
computable in PTIME.

Nevertheless, as far as we know, there is no definition of the ultimate set
of algorithms that we could reach by some programming languages (limited
to PTIME). The study of weakness or supposed weakness of programming
languages is a whole field of research by studying the algorithmic power of
some programming languages (essentially total programming languages because
they match well known classes of total functions). All approaches (except in
[APV11]) consider the lacuna of different languages see [Col89, Col96, CF98] for
usual primitive recursion and [Mos03, vdD03] for more sophisticated recursion
schemas): for instance, the minimum problem is such a well known lacuna (it
refers to the fact that the usual algorithm that decrements alternatively its two
inputs and stops when it achieves to read one of its inputs cannot be simulated
by some programming languages; the number of steps to find the minimum is
proportional to the smaller inputs but, in many programming languages this
algorithm is not representable with the same complexity).

In the other side, from now thirty years, there is an interest in defining
formally the notion of algorithms [Mos01, Gur00a] and some of these definitions
allow to specify some classes of algorithms (in [Gur93], [Gur0Oa] and [DGOS]);
an axiomatic definition is mapped to the notion of abstract state machine with a
strict lock-step simulation (see [DDG97] for a definition of simulation and strict
lock-step!). The abstract state machines are a kind of super Turing machine
that works not on simple tape (with finitary alphabets) but on multi-sorted
algebras (see the point of view in [GV10]). A program is a finite set of rules
that updates terms. It is shown in [Marl4], that the power of expression is
essentially in the fact that data structures are modeled within a first order
structure rather than in the structure of controls.

In [APV11, MV09] a class of primitive recursive algorithms APRA is defined
for the basic data structure of (unary) integer coming from the abstract state

14 The algorithms allow to update simultaneously a finite amount of data.



machine theory. From there, two imperative programming languages and one
functional programming languages are proved to be complete for this set of
algorithms; that is, all algorithms defined in APRA can be written in those
languages without lost of time complexity (the simulation is in O(1)).

But the class of primitive recursive algorithms is too vast and most of the
algorithms is intractable. So there is a challenge to capture the set of algorithms
that have time of computation in PTIME. In [Nig05], a LOOP programming lan-
guage is presented and properties are found to capture PTIME on data structure
such as stack, trees or graphs.

Following [APV11], we prove that one can define a programming language
that capture exactly the set of of polynomial time algorithms (Algo,, ). This
language allows all first-order structures as data structures and limits only the
use of iteration bounds to be inputs.

The paper is organized as follows: the notion of fairly simulation and a
polytime language (LoopCstat) are described in the first section. The second
section is devoted to show that the familly of languages with bounded loop
can be simulated by ASM (in strictly lock-step), so LoopCstat is simulated by
ASM in polytime. Reciprocally, in the third section, we prove that all polytime
ASM are captured by LoopCgtat. We conclude that LoopCgiat is algorithmically
complete for polytime algorithms.

1 Preliminaries

Usually in computability theory, the aim is to prove if some functions can be
simulated in a computation model, but this is only an input-output result. In
this paper we are interested in a simulation of the whole execution. Our aim
is to find a programming language which can simulate every execution of the
polytime algorithms.

We consider well known the definition of algorithms considered by the three
postulates of Y. Gurevich, as well as the algorithmic model of Abstract State
Machines (ASM). But reader can have a look at appendice p.??. We intro-
duce in this section, the notion of simulation that is necessary to show the
completeness of our programming language LoopCsiay for the set of algorithms
that are computable in Ptime. The language is defined in subsection 2.2 as its
operational semantics.

1.1 First Order Structures
Definition 1.1. A (first-order) structure X is defined by:

1. an infinite! set U(X) called the universe of X

14 Usually the universe is only required to be non-empty, but we will define unary integers
p.5 so we need the universe to be at least countable.



2. a finite! set of function symbols £(X) called the language of X
3. for each symbol s € £(X) an interpretation ¥ such that:
a. if ¢ has arity 0 then &% is an element of U(X)
b. if f has an arity a > 0 then ?X is an application: U(X)* — U(X)

In our paper we follow the presentation of Yuri Gurevich?. In particular,
the constant symbols are considered as function symbols with arity 0. The
interpretation of a function is total by default, so we use a special symbol undef
to define partial functions:

1. Dom(f, X) =qes {(a1,...,aqa) € U(X)* | fX(al, cey ) F undefX}

2. Im(f, X) =aer {J (a1,...,a0) EUX) | (a1,...,a0) € Dom(f, X)}

The booleans B are defined as usual. The constructors are true and false

N —X
interpreted by true = false” , and the operations are — and A defined only on
booleans by:

1. =% (true ) false
=X (false ):trueX

X

frue trueX) = True™

true™ ,false )= falseX

A¥ false true ):falseX

X (frue
(
R

A
A
R

A false ,false ) :falseX

As usual, the other connectives can be defined with them, but in Gurevich’s
proof only — and A are required:

1. (A\/B) =def —\(—‘A/\ —‘B)
2. (A= B) =4¢y (WA V B)
3. (A& B) =4ef (A= B)N (B = A))

Usually the interpretation of a relation symbol R is a subset of the universe

R™ CU(X)“. But in the following we will consider relations as function symbols
because they will be interprated instead by their characteristic function xg:

—X ..o =X
true” ifde R

falseX else

XE~ (@) =def {

14 In our paper we will consider only finite languages because we will use them to write
programs.
24 See [CLO3] for a more classical approach.



In particular, Gurevich’s proof requires the equality symbol =, interpreted
by the diagonal of the universe {(a,a) | a € U(X)}, so we will assume it in the
following.

Definition 1.2. A term of a language is defined by induction:
1. if ¢ has arity O then c is a term
2. if f has an arity a > 0 and t4,...,t, are terms, then fti...t, is a term

In particular, a formula F' will be only a boolean term:
F =gey true | false | Rty ...to | ~F | (F1 A Fy)

where R is a relation symbol with arity « and tq,...,t, are terms. Indeed,
we will not use quantifiers in formulas, so we don’t need the notion of logical
variables. Instead, we will use the word “variables” for dynamical function
symbols with arity 0.

Definition 1.3. The interpretation ¥ of a term ¢t is defined by induction on t:

1. If t = c has arity 0 then i =def T~

2. Ift = fty...to with o > 0 then T =gof J (F1 ... Ta )

The (unary) integers N are defined as usual. The constructors are (), inter-

preted by @X = 0, and S, defined only on unary integers by EX tx— x4+ 1.
We can define the usual operations like +, x and so on... but we will not use
them in the following.

Notice that the terms obtained only with constructors has the form S™{

—X
and are interpreted by S”0° = n. For each n € N we say that S™( is the
representation of n. We can define the size |n| of n by the number of symbols

used in its representation. For example, the size of +S%40S3()  is not 10 but 8
because —|—S4®S3(Z)X = 577(2))(.

In [?] we defined the usual types' and we obtained their size in the same
way. But we don’t need such definition of the size for our main theorem, so in
the following we will only assume that we can construct a function |.| : X — N
giving the size of every element of the universe. This will allow us to define the
time complexity of a sequential algorithm.

1.2 Sequential Algorithms

Gurevich formalized in [GurOOb] the (sequential) algorithms as the objects
verifying three postulates : sequential time?, abstract states and bounded ex-
ploration. The first postulate formalizes the idea that a computation is made
step-by-step:

14 Booleans, integers using any base, lists, arrays, trees and graphs.
24 Gurevich studied real-time algorithms too in [GGVO01].



Postulate 1 (Sequential Time). A (sequential) algorithm is defined by:
1. a set of states S(A)
2. a set of initial states I(A) C S(A)
3. a transition function 74 : S(A) — S(A)

In particular two algorithms A and B will be the same (see [BDGO09]) if they
have the same states, the same initial states and the same transition function.

An execution of the algorithm A is a sequence X = Xo, X1, Xo,... such
that Xy is an initial state and for all i € N we have X;11 = 74(X;).

At p.11 we will define an algorithmic equivalence between models of com-
putation using executions. Notice that two algorithms have the same set of
executions only if they have the same initial states and the same transition
function. So, we will not consider unreachable states in the following.

We didn’t define a set of terminal states because we can assume that an
execution X has stopped if there exists a state X; such that 74(X;) = X;.
Indeed, after X; no more changes happen. We will say that this state X; is
final, and that an execution is terminal if it contains a final state. So, we can
define the time of an execution of A starting at the initial state Xg:

e, X0) =g { T8 AR = 060} i i

The second postulate states that the states of an execution can be repre-
sented, and that these representations are up to isomorphisms:
Postulate 2 (Abstract States). For every algorithm A:
1. The states of A are (first-order) structures with the same language £(A)
2. S(A) and I(A) are closed by isomorphism

3. The transition function 74 preserves the universes and commutes with the
isomorphisms

For the booleans and the integers we distinguished constructors like # and
S from operations like + and x. In fact, we will distinguish £(A) between:

1. Dyn(A): the dynamical symbols, whose interpretation can be changed
during an execution.

2. Stat(A): the static symbols, which have a fixed interpretation during an
execution.
They will also be distinguished between:

a. Init(A): the initial symbols, whose interpretation depends of the
initial state.



b. The other symbols have a uniform interpretation in every state, and
they will also be distinguished between the constructors Cons(A)
and the operations Oper(A).

Because the symbols of Cons(A)LIOper(A) have an interpretation which does
not depend of the considered structure, the size | X| of a structure will depend
only of the dynamical and initial symbols, which will be called the inputs!:

=X
max , where =gef SU i
fEDyn(A)I_IInit(A){|f|X} |flx =des aieZ/l}(jA)U' (@)

| X| =dey
Definition 1.4 (Time Complexity).
The algorithm A is C-time if there exists ¢4 € C such that for all X € I(A):

time(A, X) < 0a(|X])
Let Algo. be the set of the C-time algorithms.

We assumed that the interpretation of a dynamical symbol f with arity «
can change during an execution. The update of f in (ay,...,a,) € U(A)* with
the new value b € U(A) will be denoted by (f,a1,...,aq,b). If X is a state
and u is an update, then X @ u? is a new structure with the same universe and
language such that:

—Xou,_, b if u=(f,d,b)
! (@) =aes { ?X(Ei) else

If ?X(&’) = b then the update (f,d,b) will be called trivial because X @®
(f,d,b) =X.

A set A of updates from the same universe and language will be said con-
sistent if there is no updates (f,a,b),(f,d,b’) € A such that b # V. If we try
to execute an inconsistent A on X then the set of updates clashes:

f

(@) =dges fX (@) else

XeA { b if (f,d,b) € A and A is consistent
Lemma 1.5 (Difference of structure). If X and Y are two structures with the

same universe and language, then there exists a consistent set A of non-trivial
updates such that Y = X & A.

14 We could have defined |X| by > |flx, but the two are equivalent:
feDyn(A)UInit(A)

{Iflx} < > |flx

mar
FeDyn(A)UInit(4) feDyn(A)UInit(A)

< card(Dyn(A) U Init(A)) x {Iflx}

maz
feDyn(A)UInit(A)

24 We denote the update by @ and not by + as in [Gur0Ob] because the associativity
has no meaning and because we don’t have the commutativity: (X @ (z,0)) & (z,1) # (X ®
(z,1)) ® (,0).



Proof. A ={(f,@b) | F (@) =band F(a) # b} 0

This A will be denoted by Y © X, so we have X @ (Y © X) =Y. For every
state X € S(A) we will denote by A(A,X) =45 T4(X) © X the set of the
updates made by A on X.

We will say that two structures X and Y coincide over a set of terms T if
for all t € T we have I~ =7 .

The third postulate states that only a finite number of terms determines the
evolution of the execution:

Postulate 3 (Bounded Exploration). There exists a finite set of terms T(A)
closed by subterms! such that if two states X and Y coincide over T((A) then
A(A, X)=A(AY).

Gurevich proved in [GurOOb] that this axiomatic presentation of the set of
(sequential) algorithms Algo is equivalent to his operational presentation using
the Abstract State Machines (ASMs).

1.3 Abstract State Machines

Definition 1.6 (ASM Programs).

11 =def f(tl, - ,ta) =1
| if F then IT; else II; endif

| par 14| ... ||TL,, endpar
Where f is a dynamical symbol of arity «, tg,%1,...,t, are terms, and F' is
a formula.
Notation. For n = 0 a command par II;|| ... ||II,, endpar is an empty program.

If the else part of a if is empty we will simply write if F' then II endif.

Definition 1.7 (Operational Semantics of ASM).
An ASM program II defines a transition function:

TH<X) =def X D A(H,X)
where the set of updates A(II, X) is defined by induction on II:

A(fty o ta =10, X) =aer {(/, T 0 B0 )}
A(if F then II; else Iy endif, X) =45 A(IL;, X)
where ¢ = 1 if F' is true in X
and ¢ = 2 if F is false in X
A(par IIi || ... |II,, endpar, X) =ger A1, X)U--- UA(II,, X)

14 T is closed by subterms if for all ft;...to € T we have t1,...,to € T.



The semantics of the par is a set of simultaneous updates, contrary to the
following imperative language where the updates are sequential.
We will use at p.34 the set of the terms read! by II:

Read(ft1...to :=to) =des {t1,---,tasto}
Read(if F then II; else II; endif) =45 {F'} U Read(Il;) U Read(II3)
Read(par II1|| ... ||II,, endpar) =45 Read(II;) U--- U Read(IL,)

Lemma 1.8. If X and Y coincide over Read(Il) then A(II, X) = A(IL,Y).
Proof. By induction on II. O

Remark. Notice that A(IT, X) may be inconsistent or contain updates trivial on
X. Inded, we have:

Almm, X)=mX)o X = (X o A(II, X)) © X C A(IL, X)

But it won’t be a problem, because the ASM programs used to prove Gure-
vich’s theorem are in normal form:

if F} then II;
else if F5 then Ils

else if F, then II.
endif ... endif

Where for all state X one and only one Fj; is true, and where every ASM
program II; is formed only by parallel updates such that A(II, X) is consistent
and contains no update trivial on X. In particular, for every ASM program II
in normal form we have A(II, X) = A(m, X).

Theorem (Gurevich, 2000). Algo = ASM

Every ASM program is a sequential algorithm, which is an ASM program in
normal form. So, in the following we will assume that every ASM program is
in normal form.

1.4 Fairly Simulation
Example 1.9 (Temporary Variables). The following program containing a
loop:
{loop n {s};}
is generally simulated by while with:

{i:=0;whilei#n {s; i:=i+1;};}

14 The constructors true and false must be added to Read(IT), as explained in [Gur0OOb]
and [?].



But this program uses a fresh variable ¢, so the language is not preserved,
even if in a way the implement the same behavior.

Another example! is to simulate the exchange x <+ y between two variables
using a temporary variable:

VI=TT =YY =0

So, the language £1 of the simulating program may be an extension of the
language Lo of the simulated program: £; O L,. The language must remain
finite, so L1\ L2 must be finite, but this is not enough. Using a function symbol
of arity > 0 will be unfair because we will be able to store an unbounded amount
of information. So, in our definition of the simulation p.11 we will only assume
that £4 \ L2 is a finite set of variables (function symbols with arity 0) with a
uniform initialization?.

Definition 1.10 (Restriction of Structure).

Let X be a structure of language £, and let £5 be a language such that
L1 D L5. The restriction of X to the language Lo will be denoted X|., and
is defined as a structure of language Lo such that:

L UX]z,) =UX)

2. For all f € L5 we have ?XILZ = fX

Example 1.11 (Temporal Dilatation).
At each computation step of a Turing machine, several actions are done,
depending of the current state and of the symbol read in the current cell:

1. the state of the machine is updated
2. a new symbol may be written in the current cell
3. the head may move left or right

The notion of elementary action is very arbitrary. For example we may consider
that:

e cither these actions are distinct, so three steps have been made
e or only multi-action has been done, so only one step of computation

Let M3 the Turing machine requiring three steps to make these actions, and
let M7 be the “classical” machine requiring only one step.

An execution X of Ms can correspond to an execution Y of M; if for every
three steps of M3 the state is the same than Mj:

14+ We will use it again p.29.

21 A #%0 where t is formed only of constructors and operations (including the size, see p.7)
and X is an initial state.

10



Mz M
Xo= Yo
X1
X9
Xs3="
Xy
){5
Xe = Yo
X7

If M3 is implemented in a machine than is three times faster than the ma-
chine implementing M;, an external observer would not be able to notice a
difference: the time unit itself is arbitrary.

In this paper we will identify two executions X and Y if there exists a uniform

temporal dilatation d > 0 for every execution such that for all step i € N we
have Xgx; = Y;. That means that d steps of X are required to simulate one
step of }7, and we will say that the simulation is step-by-step. Unfortunately,
contrary to the previous example where all the machines can be simulated with
a temporal dilatation d = 3, in our paper the temporal dilatation will depend
of the simulated program.
Remark. The constraint of the temporal dilatation is not enough to ensure that
the terminating behavior is the same. Indeed, even if Y; is a terminal state
for the simulated machine M;, the states between X3.; and X3y;1(q—1) may
alternate, so M3 may not be terminal:

My M,

Xo =Y
Xsxivo = Y;
X3xit1
1Y3xi+2

X3xito = Y;

So, an ending time e > 0 must be added to our definition of the fairly
simulation, such that time(Py, X) = d x time(Py, X) + e, where e only depends
of the simulated program:

Definition 1.12 (Fairly Simulation).

Let M; and M, be two models of computation'. We will say that M;
simulates M, if for all program P» of M there exists a program P; of M7 such
that:

14 Formally, we can define a model of computation as a set of programs associated with
an operational semantics. See p.12 for LoopC and p.8 for the ASM.

11



1. L(Py) 2 L(Py), and L(Py) \ L(P2) is a bounded set of variables

and if there exists d > 0 and e > 0 depending only of P, such that for every
execution Y of P, there exists an execution X of Py such that:

2. for all i € N we have Xgxi|s(p,) = Vi
3. time(Py, Xo) = d X time(P2,Yo) + e

If M, simulates M> and M, simulates M7 then thses two models of com-
putation will be said algorithmically equivalent, which will be denoted by
M1 ~ MQ.

Remark. Applying the second condition with i = 0 requires that the initial
states must be the same, up to temporary variables.

According to the third condition, if the simulated execution requires n steps,
then the simulating will require O(n) steps, so our fairly simulation preserves
the class of the time complexity defined p.7.

1.5 Imperative Language

We recall the usual commands allowed in paradigm of imperative language. We
then give a operational semantics within the form of Krivine machines ([Kri07]).

Definition 1.13 (LoopC Programs).

C =def f(tla"'at(x) =10
| if F {P1} else {P»}
| loop n except F {P}

P =def end
| ¢ P
where f has arity «, tg,t1,...,t, are terms, F' is a formula, and n is a variable.

Notation. Similarly to the ASM programs, we will write only if F' {P} for the
command if F {P} else {end}. Following Meyer and Ritchie’s style [MRG67],
we will note simply loop n {P} a command loop n except false {P}. For
readability reasons, we will omit the ; end inside curly brackets in the examples.

The composition of commands ¢; P can be extended to composition of
programs Pi; P> by end; Po =qc; P» and (¢; P1); Po =gey ¢;(P1;P2). This
allows us to define the operational semantics of our imperative programs. The
transistion relation is denoted by > and X denotes an environment (a mapping
from variables to values). The @ symbol is defined by (E @ (u,e))(x) = if z =
u then e else F(x).

12



Definition 1.14 (Operational Semantics of LoopC).
Fti oty =t PxX = PxX & (fE . 0T

if F {P} else {P}; Psx X > P; P3x X
if F'is true in X
if I {Pl} else {PQ};Pg*X - PQ;Pg*X
if F'is false in X
loop n except F {P1}; P, x X > Py;1loop n except F {P1}; Pox X @ (i,gx +1)
if i <n and F is false in X
loop n except F {P1}; Pox X = Py x X & (i,0)
if i =nor Fis true in X

where 7 is a dynamical symbol initialized to 0 in the initial states and which
does not appear in the program'. Each loop has a different counter 1.

Remark. The transition system is deterministic and we denote >, the transi-
tive closure of >. t transition steps will be denoted by >;.

end x X are the only states with no following. We say that P terminates
on X (denoted by P | X) if there exists ¢t and X’ such that Px X >; end x X'.
A program will be said terminal if it terminates on all its states. ¢ and X’ are
unique if P terminates on X (respectively denoted by time(P, X) and P(X)).

If t < time(P, X)? then there exists a unique couple P’ and X’ such that:
PxX »; P' % X'. They are denoted by 74 (P) and 75(X).

In particular, if P | X and ¢ = time(P, X) then 7% (P) = end and 75(X) =
P(X).
Remark. 76 is not a transition function in the sense of the first postulate p.6
because 7H(X) # 7H o+ o TH(X).

The sequence of the updates made by P on X is 75(X) 6 73(X), 73(X) ©
75(X),... where every 75" (X) © 75(X) is empty or is a singleton. We can
define the set of the updates made by P on X, A(P, X):

Definition 1.15 (Updates of an Imperative Program).

A(P, X) =gey U THHH(X) o Th(X)
0<t<time(P,X)

Remark. If P | X then A(P,X) is finite.

In the following we will say that P is without overwrite on X if A(P, X)
is consistent.

Indeed, for all imperative program there is an overwrite if a variable is up-
dated more than twice in the sequence of steps. In our framework, that means

14 The for loop where i is read can be simulated by j := 0;1oop n except F {Pi[j];j :=
j+1}; Po.
24 If P does not terminate on X we can assume that time(P, X) = oo.

13



that there exists in A(P, X) two updates (f,d,b) and (f,d,b’) with b # ', which
is the definition p.?? that A(P, X) is inconsistent.

Lemma 1.16 (Updates without overwrite).
If P | X without overwrite then A(P,X)=P(X)o X.

Proof. See [Marl4] or [?]. O

Moreover we can prove that the composition of programs behaves as intended
for the output and the execution time:

Proposition 1.17 (Composition of Programs).
Py; Py | X if and only if Py | X and Py | P1(X), such that:

2. time(Py; Py, X) = time(Py, X) + time(Py, P1(X))

Proof. The proof is straightforward and is based on the determinism and tran-
sitivity of the transition rules. O

Notation. For sake of readability of imperative programs we will use the off-
side rule (no more semicolons, nor curly brackets, ...).

loopn
n=n+1

Figure 1: A non-terminal program

According to the operational semantics 1.14 p.12, the program in the figure 1
p-14 is not terminal. This program is not forbidden by the syntactical definition
1.13 p.12. As we are interested in programs running in polynomal time, we need
to restrict the language, at least, to eliminate non terminating programs. Let
LoopCy,,.,q D€ the set of the LoopC programs verifying this condition :

(bound) : for all loop n {Q} € P,n € Stat(Q)

This restriction is strongest than the restriction ”loop variables can not be
updated inside their scope”.

Corollary 1.18 (Termination).
Every program of LoopC,,,..a 5 terminal.

Proof. By induction, using the proposition 1.17 p.14. U

14



r:=0

r:=r-4+1
loop n
Ti=r
loop x
r:=r+1

Figure 2: A program for the exponential

1.6 Polynomial Time

The program Ppo,, in the figure 2 p.15 is in LoopCy,,,,,4 (see the condition p.14).
It uses only variables, zero and successor (no more conditionals, nor condi-
tional loop exit), so it is a usual Loop program [MR67] with time(Ppoy,X) >
maz{afr ) | n € Dyn(Ppow)}-

The block z := r;1loop z {r := r + 1} computes r := 2r, so 7 rw(X) = 2ﬁx,
and the program is (at least) exponential in time (and space).

To forbid this kind of programs, Neergaard [Nee03] used the Bellantoni and
Cook’s approach [BC92] separating safe and normal variables. The safe
variables can be updated, and the normal variables are the bounds n in the
loop n commands:

Definition 1.19 (Bounds of Loops).

Bound(ft1 ...ty :=to) =des {}
Bound(if F {P} else {P»}) =qcf Bound(P;) U Bound(P,)
Bound(loop n except F' {P}) =4cf {n} U Bound(P)

Bound(end) =g4.5 {}
Bound(c; P) =g4ey Bound(c) U Bound(P)

Remark. Bound(Py; Py) = Bound(Py) U Bound(Pz)

Neergaard added the following condition to obtain the language Ploop, which
will be denoted in this paper by LoopC

neer*

(neer) : for all Loop n {Q} € P, ({n} U Bound(Q)) C Stat(Q)

Of course neer = bound and so LoopC,,., € LoopC,,. ... In particular,
according to the corollary 1.18 p.14, the programs are terminal. Moreover,
as suggested by the name Ploop, Neergaard proved that computation are in
polynomial time (and space) even if they use lists as data structures, since
|(d; )| = max(|d|, le]) + 1.

This result can be extended to translation functions (in the geometric
sense), those verifying that:

[F(@)] < max|Z] + cf
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Theorem 1.20 (LoopC is polytime).

neer

If the static symbols are translations, then LoopC,, ... is Pol-time and Pol -
1
space”.
Proof. Generalization of the proof in [Nee03]. O

As our goal is to find imperative polytime programming languages that com-
pute all algorithms, we need to enlarge the set of data structures to be closed
to "natural” programming (higher is the level of abstraction useful it is). The
set of translation functions is very restrictive, for example the program 3 p.16
respects Neergaard’s condition but is not polytime because z + 2z is not a
translation.

r:=1
loop n
ri=2Xxr
loop r

Figure 3: A non-polytime program verifying Neergaard’s condition

In particular, according to our framework [?] for unary integers the successor
is a translation but not the addition, and for the binary integers the addition is
a translation but not the multiplication.

The program in the figure 3 p.16 illustrates that an exponential space in r
can be converted into an exponential time using loop r and the composition.
That’s why the space must be polytime too in the theorem 1.20 p.16.

The idea to get a polytime language without constraint on the data struc-
tures is to disconnect the link between space and time. The bounds must not
be updated in the whole program:

(stat) : Bound(P) C Stat(P)

Then stat = neer and so LoopC,,,, € LoopC
the corollary 1.18 p.14, programs are terminal.

In particular, according to

neer*

Remark. Sadly, this language is not closed by composition. For example n :=

pow(n) and loop n are in LoopC,,,,, but not n := pow(n); Loop n.

But LoopC,,,, will be useful anyway. We will prove 1.22 p.17) that programs
in LoopC,,,, are polytime, where the degree of the complexity is the depth of
the program (proposition 1.22 p.17):

14 A program P is C-space if there exists pp € C such that for all initial state X we have
[P(X)] < ep(IXD).
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Definition 1.21 (Depth of a Program).

depth(fty ...t == to) =geyf 0
depth(if F {P1} else {Py}) =qc; max(depth(P1), depth(Ps))

B 1+ depth(Py) if n € Dyn(P) U Init(P)
depth(Loop n except I {P1}) =acy { depth(Py) if n € Cons(P) U Oper(P)

depth(end) =gcf 0
depth(c; P) =qe5 max(depth(c), depth(P))

Remark. depth(Py; Po) = max(depth(Py), depth(Ps))

The two cases in the previous definition may be surprising, because the depth
is distinguished from the nesting. Indeed, if the bound of a loop is an uniform
symbol, we assume that the loop is not a “true” loop, but only a syntactical
convention to avoid code duplication, as illustrated fig. 4 p.17.

r:=0 r:=0
loop 3 ri=r+1
r=r+1 r=r+1
r=r+1

Figure 4: Different nesting, same depth.

Remind that for all programs P in LoopCy,,,, Bound(P) C Stat(P). So
we will use for the depth only the symbols in Init(P). Moreover, if P; is a
subprogram of P then Init(P;) C Init(P). So, in the following proposition and
its proof for simplicity we will use the notation Init for the set of the initial
symbols of the program and its subprograms, and |X |, for the size of these
symbols in X.

Proposition 1.22 (Polynomial Time).
For all P € LoopCgtat there exists pp € Pol such that for all X :

1. time(P, X) < op(|X|mit)
2. deg(pp) = depth(P)

Remark. The initial symbols are statics, so their interpretation in P(X) is the
same as in X. In particular for all program P: |P(X)|mit = | X|mit

Proof. By induction on P.

P = end
pp = 0 is suitable:

1. time(end, X) = 0 so time(P,X) <0
2. deg(0) = 0 = depth(end)

17



P =P;P;
By induction we assume that the proposition is true for P; and Ps.
We prove it for P = P;; P, with ¢p,.p, = vp, + ¢p,.
According to the proposition 1.17 p.14:

1. time(Py; Po, X) = time(Py, X) + time(Pa, P1 (X)), so:

time(Py; P2, X) < op, (|1 X | mit) + 00, (| PL(X)| mit)
= P, (| X|mit) + op, (| X mit)

deg(SDPl;P2) = deg(‘lppl + @Pz)
mazx(deg(pp, ), deg(ep,))
max(depth(Py), depth(Pz))
depth(Py; )

It remains to prove the proposition for the commands alone, using the in-
duction hypothesis:

P:ftl...tk = to
pp =1 is suitable:
1. time(ft1 ...ty :==t9,X) =1 so time(P,X) <1
2. deg(1) =0 = depth(fty ...t :=to)
P = if F then {P;} else {P}
We prove that ¢op =1+ pp, + @p, is suitable:

PxX =P xX

where ¢ =1 if F'is true in X and ¢« = 2 if F' is false in X.

1. time(P,X) =1+ time(P;, X) < 1+ time(Py, X) + time(Pa, X)
But time(P1, X) < op, (| X|mit) and time(Py, X) < ©p, (| X | 1nit)
So time(P, X) <1+ ¢p, (|X|mit) + ¢p, (| X |mit)

deg(pp) = deg(1 +¢p, +¢p,)

= max(deg(pp, ), deg(¢p,))
= max(depth(Py), depth(P»))
= depth(P)

P = 1loop n except F {P;}
By simplicity, we assumed p.13 that the counters are not read in the
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program. So we can write the execution like this:

loop n except F' {P} % X & (i,0)
- Py;loop n except F {P1} X & (i,1)
> time(P1,X) loop n except F {P1} x Pi(X)® (i,1)
- Py;1loop n except F {P1} » Pi(X) @ (4,2)
> time(P1,PE~1 (X)) loop n except F {Pi} x PA(X) @ (i,a)
- {} » P(X) @ (4,0)

where a is the first i <7~ such that F is true in P{(X), and else a = n~.

1. So we have:
time(P,X)= > (1+ time(Py, P{(X)))+1
0<i<a-—1
<145+ Y time(Pr, PH(X))
0<i<nX -1
But by induction hypothesis for all X: time(Py, X) < ¢op, (| X |1nit)
So time(Py, PH(X)) < op, (|PHX) | 1mit) = @p, (| X | mit), and we have:

time(P,X) <1475+ Y op (| X|m)
0<i<nX -1
= 14+7% x (14 ¢p, (1 X mit)) (1)
<1+ @ +1) x L+ op (I X|mi)  (2)
We use these two inequalities for the following cases:
n € Cons(P) U Oper(P)
In this case there exists a constant ¢, € Ny such that 7% = ¢,
So pp(Z) =14 ¢, X (1 + ¢p, (Z)) (1) is suitable.
n € Init(P)
Because [ | = 7% 4+ 1 we have 78 + 1 € | X| nat-
We assume that this is the j-th of the k elements.
So pp(Z) =14 x; x (1+¢p, (L)) (2) is suitable.
2. The degree depends of the case:
n € Cons(P) L Oper(P)

deg(pp) = deg(1+ cn x (1+¢p,))
= deg(gapl)
= depth(Py)
= depth(P)

n € Init(P)
deg(pp) = deg(1+ 75 x (14 ¢p,))
=1 + deg((pf'ﬁ)

=1+ depth(Py)
= depth(P)
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Remark. Because time(P, X) < @p(|X|mi(p)), using the projections we have
time(P, X) < ¢p(|X|), where @p is polynomial of degree depth(P).

2 Simulation of LoopC with ASM

2.1 Graphs of Execution

The simplest idea to translate an imperative program into an ASM is to procreed
command by command , adding a line counter ! to move from one command to
another while respecting the operational semantics p.12.

Example 2.1. The following program P,,;,:

0: r:=0
1: loopn exceptr=m
2: r:=r+1

can be translated , see the figure 5 p.20.

par
if line = 0 then
par 7 := 0 || line := 1 endpar
endif

if line =1 then
if (i #n A1 # m) then
par i :=i+ 1| line := 2 endpar
else
par i :=0 || line := 3 endpar
endif
endif

if line = 2 then
par r:=r+1 || line :== 1 endpar
endif
endpar

Figure 5: Translation of P,,;,

We develop an other approach related to graphs where nodes are programs
and edges are one step execution.

14 such ASM programs are called “Control State ASMs” in [Bor05].
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Definition 2.2 (Length of an imperative program).

length(end) =ges 0
length(c; P) =gef length(c) + length(P)

length(ft1 N tk = to) =def 1
length(if F {P1} else {P}) =ges 1 + length(P1) + length(Ps)
length(Lloop n except F' {P}) =45 1 + length(P)

Remark. The number of a line is the length of the program before the cur-
rent command, so the line numbers are between 0 and length(P). Because the
number of values is bounded, instead of an instruction counter whose value will
change a finite number of booleans bg, b1, . . . bjengin(p) can be used.

This approach was suggested in [GV12], and is suitable for a programming
language based on line numbers (for example using goto commands) but not
for a structured programming language such as LoopC. Indeed, the line number
can distinguish commands which are identical for the operational semantics:

7777777 a
|

,,,,,,, 4

P - Py - P3 - Py
loo pi=x+ 1 1 = 1
r})IrL 77777 . tri=x+ 11 oop n T T+
txi=a+1 loop n ‘:c::erl‘ loop n
loop n ‘x::x—kl‘ loop m rz=z+1
lx::—x—i—llloopm [m ::x—i—lj loop m
L B L
L=zt Loop 7 Zi=ztl]
loop n rz:=z+1 loop n
ri=x+1 rz:=z+1

Figure 6: Loops with marking

From an operational point of view these commands are identical: we could
have replaced P> by P, without changing the following of the execution. The
same remark can be applied to conditionals, as showed at the figure 7 p.22.

Thus, a translation based on the line numbers could be defined, but to be
distinguished the commands should be marked by their depth (for nested loops)
and the path of the conditionals reached during the execution. In addition to
being tedious, this approach would be useless because these commands would
identical anyway, from an operational point of view.

So, we will not use the booleans {b; | 0 < i < length(P)} indexed by the
line numbers, but instead we will index them by all the programs which can be
reached during the execution:
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Py = Py >~ P3

£ true yi=0_ w=atl]
y:=0 =z + 1
zi=z+1
else
y:=1
r:=x+1
P - Py = P3

Figure 7: Conditionals with marking

Example 2.4. (Graph of execution for P, )"
The possible executions of a program may be represented by a graph where
the edges are the possible transitions, and the vertices are possible programs:

r:=0 r=r+1
loop n except r=m
loop n except r=m loop n except r=m
r=r4+1 v
r=r+1 . ri=r+1
end

In the following we will only need the set of vertices to index the booleans,
so the graph of execution for P,,;, will be denoted by:

G(Pmin) ={ 7:=0;lo0p n except r =m {r:=r+1; };end,
loop n except r =m {r:=r+1; };end,
r:=r+ 1;1loop n except r =m {r:=r + 1; };end,
end

}

Notation. To define formally the graphs of execution, we need to introduce the
notation G(Py); Py. If G is a set of imperative programs and P is an imperative
program, then:

G, P =aes {P;; P | Pj € G}

14 Introduced before as example for the operational semantics ?
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Remark. According to the definition of G; P:
1. card(G; P) = card(G)
2. (G1; P)U(G2; P) = (G1UGa); P
3. G1CG=G1; P C Gy P

Definition 2.5 (Graphs of execution).

G(end) =gcf {end}
G(e; P) =gey G(c); PUG(P)

G(t1... .ty :=t0) =def {t1...tx :=to;end}
G(if F {P,} else {Ps}) =gey {if F {P1} else {Pa};end} UG(P1) UG(P)
G(loop n except F {P}) =4.¢ G(P);loop n except F {P};end
Remark. end and P € G(P)
As intended, the number of possible programs occurring in an execution is

bounded:
Lemma 2.6 (Finiteness of a graph of execution).
card(G(P)) < length(P) + 1
Proof. The proof is made in [?] by induction. O
So we will need only a bounded number of booleans to save the current states

of the program during the execution.

Remark. For programs like P,,;,, in the example 18 p.22, card(G(P)) = length(P)+}}
1 can effectively be reached. But the marked programs p.21 show that the in-
equality sign cannot be replaced by an equality sign. So this bound is optimal.

So we will use the set of booleans {bp, | P; € G(P)} to memorize the states
of the program at each step of the execution. But in our translation from P
into IIp we need to prove [prop. p.23]: if P; € G(P) then the next step program
is in G(P). We use the two following technical lemmas (proof are by induction
on Py (resp. P)):

Lemma 2.7 (Composition of graphs of execution). G(Py; P2) = G(Py); P2 U
G(P).

Lemma 2.8 (Subgraphs of execution). If Q € G(P) then G(Q) C G(P).

We can now prove that if a program appears in G(P) then its potential
successors for the operational semantics p.12 appear in G(P) too:

Proposition 2.9 (Operational closure of the graphs of execution).

1. Ifty ... tg ::to;Qeg(P) th@nQEg(P)
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2. Ifif F {P1} else {P};Q € G(P) then P1;Q and P»;Q € G(P)

3. If loop n except F' {P1};Q € G(P) then Py;loop n except F {P;};Q
and Q € G(P)

Proof. The proof is made by case:

t1...t := to;Q € g(P)
{t1.. .t =t; Q}UG(Q) = G(t1 ...tk :=t0; Q) C G(P) according to the
lemma 2.8. But @ € G(Q) and so Q € G(P).

if F {P1} else {P2};Q € G(P)
{if F {P1} else {P}Q}UG(P1);QUG(R);QUG(Q)
= G(if F {P1} else {P};Q) C G(P) according to the lemma 2.8. But
P;Q € G(P1);Q and P2;Q € G(P,); Q and so Pi;Q and Ps; Q € G(P).

loop n except F {P1};Q € G(P)
G(Py);1oop n except F' {P1};QUG(Q) = G(loop n except F {P1};Q)
C G(P) according to the lemma 2.8. But Pi;1loop n except F {P1};Q €
G(Py);1oop n except F {P1};Q and Q € G(Q).
So Py;loop n except F {P1};Q and Q € G(P)

2.2 Translation of an Imperative Program

Notation. According to the previous subsection, we will use the set of fresh
variables {bp, | P; € G(P)}. Only one of the bp,’s will be true at each step of
the run, so in the following we will note X[bp,] the only bp, that is true where
X is a L(P)-structure. In particular we have X[bp,]|,(p) = X.

To change the current state of the execution from P; to P, we only have to
use the set of updates {(bp,, false), (bp,, true)}. This set is consistent only if
there is no program P such that one successor of P can be P itself'.

It’s only the case when P = loop n except F' {end};Q if i < n and F is
false (see 1.14 p.12).

So, if the body ??(?) of the loop is empty, instead of doing inconsistant
updates we will simply don’t change the state. But because the state is not
changed we must verify that the ASM program do not stop . Fortunately, the
loop counter ¢ will be updated, so the execution can continue.

The proposition 2.9 ensures that the following translation is well defined:

Definition 2.10 (Translation of an Imperative Program).
Ip =ges parp cg(p) if bp; then Pf’“ endpar

where PJ” is defined at the figure 8 p.25.

14 7% (P) = P... notation introduced before ? To define A(P,X) ? P(X)© X enough ? 1
think so, if some proofs are admitted...
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(end)'" =4.¢ par endpar

(ftl .o .tk = tO’Q)tT :def par
bty tni=to;Q = false

|| ftl ...tk = to
| bg := true
endpar

(if F then {Pi} else {P2}; Q)" =4cs par
bis F then (P} else {Po};Q ‘= false
|| if F then

bp,.q = true

else
bp,.q = true

endif

endpar

(loop n except F' {end}; Q)" =4cs if (i # n A —F) then
1:=1+1
else
par
bloop n except F {end};Q ‘= false
| i:=0
| bg = true
endpar
endif

(loop n except F {¢; P1}; Q)" =g4cf par
bloop n except F {c;P1};Q = false
|| if (i #n A —F) then
par
1:=1+4+1
H bc;Plgloop n except F {c¢;P1};Q = true
endpar
else
par
1:=0
|| bg := true
endpar
endif
endpar

Figure 8: Translation of an Imperative Program
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Example 2.11. Remind that the graph of execution for P,,;, obtained p.22 is:

G(Pnin) ={ 7:=0;1loop n except r =m {r:=r+1;};end,
loop n except r =m {r:=r+1; };end,
r:=r+1;1loop n except r =m {r:=r+1;}; end,
end

}

So, the translation I1p

.. of this imperative program into an ASM program is
obtained fig.9 p.27*.

Proposition 2.12 (Step by Step Simulation).
For all 0 < t < time(P, X): T, (Tp(X)[bre (p)]) = T;)+1<X)[b7_;(+1(P)]2

Proof. Ast < time(P, X) so 7% (P) # end. The proof is made by case on 74 (P)
(see Appendice p.?7. O
2.3 The Simulation
Theorem 2.13. ASM simulates LoopC.
Proof. Remind that our simulation p.11 requires three conditions:

1. L(Ip) = £(P) U {bp, | Py € G(P)}

where card({bp, | P; € G(P)}) < length(P) + 1, according to the lemma
2.6.

Soyin-the-worst-ease;- we use at most | length(P) + 1 | temporary variables.
2. We prove by induction on 0 < t < time(P, X) that:

1, (X[bp]) = 7p(X) byt ()]

1=0
i, (X[bp]) = X[bp] = 72(X)[brg (p)]
i=>1i1+1

s (X [bp))

= 111, (11, (X [bp]))

= 71, (TH(X )[bT&( P)D according to the induction hypothesis
= T;;+1(X)[bT;(+1(P)] according to the proposition 2.12

with 0 <t <t+1 < time(P, X)
So we have for all ¢t € N:

T (X[bp))| 2(py = TH(X)[bre (p)]l 2Py = Tp(X)

Thus, the temporal dilatation is

14+ We could remove the last conditional, but we prefer a homogeneous presentation.
21 Introduction of 74 (P) and 75(X) !
39 Introduction at the section Framework...
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par
if br::O;loop n except r=m {r:=r+1;};end then
par

br::O;loop n except r=m {r:=r+1;};end = false
| r:=0

|| bloop n except r=m {r:=r+1;};end ‘= true
endpar
endif

H if bloop n except r=m {r:=r+1;};end then
par

bloop n except r=m {r:=r+1;};end ‘= false
|| if (i #n Ar # m) then

par
1:=1+1
|| br::r+1;loop n except r=m {r:=r+1;};end ‘= true
endpar
else
par
1:=0
|| bena := true
endpar
endif
endpar
endif

H if br::r+1;loop n except r=m {r:=r+1;};end then
par

br:=r+1;loop n except r=m {r:=r+1;};end ‘= false
|r:=r+1

|| bloop n except r=m {r:=r+1;};end = {rue
endpar
endif
|| 1f bena then
par

endpar
endif
endpar

Figure 9: Translation of P,,;, into an ASM program
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3. We prove by inequalities that time(Ilp, X[bp]) = time(P, X):
time(Ilp, X [bp]) < time(P, X)
If t = time(P, X) then 7% (P) = end, so:
A(Ilp, 7p(X)[br (p)])
= A(end", 75 (X)[br (p)])
= A(par endpar, 75 (X)[b,t (p)])
-
So we have:
(X [bp])
= 711, (11, (X[bp]))
= TIip (TItD(X)[bT}(P)D
Tp(X)[bre (p)] + AMp, 7p(X)[brt, (p)])
= 7p(X)[bre, (p)]
= 71, (X [bp])
Thus, we have time(Ilp, X[bp]) < time(P, X).
time(Ilp, X[bp]) > time(P, X)
The proof is made by case for all 0 < ¢ < time(P, X):
> (P) 7’57}((1’)+ )
In that case 75 (X)[brjjl(P)] # 7p(X)[bre ()]
So i (X [bp]) # 7y, (X[bP)).
T (P) = T%(P)
According to the transition system 1.14 p.12 it is only possible
in the case

P = loop n except F {end}; Q
if i <n and F is false.
But i 1n that case TEM(X) = 7H(X) @ (4 (%) +1)
So 7 (X)[by i1 (py] # TH(X [br Pl
Thus 7, (X br]) # i1, (X [0p)).
In any case, we have ﬁ“(X[bp]) # 1, (X[bp]).
So time(Ilp, X[bp]) > time(P, X).

So we have time(Ilp, X[bp]) = time(P, X), thus

3 Simulation of ASM,,, with LoopCstat

We prove the simulation in three steps:

1. Translate II into an imperative program P, simulating one step of the
ASM.
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2. Repeat Py, enough time, depending of cry the complexity of II.
3. Ensure that the final program stops at the the same time than the ASM,

up to temporal dilatation.

3.1 Translation of one Step

Because ASM and Imp have the same updates and conditionals, an intuitive
translation could be:

(ft1...tg :==t0)" =qes ft1...tx :=to;end
(if F then II; else II; endif)" =g4.; if F then {II{"} else {II}};end
(par II;||...||IL, endpar)” =g ¢ IT4"; ... ; 114"
But remember that the updates are parallel and not sequential in the ASM.

Example 3.1. The ASM program II:
par z := yl|ly := x endpar
exchanges the value of x and y, but its translation II¢":
T :=1y;y:= x;end
replaces the value of x by the value of y.

To capture the simultaneous behavior of the ASM, we need to substitute the
terms read in II by fresh temporary variables:

Definition 3.2 (Substitution of a term by a variable).

(ftl .. .tk = t())[U/t] =def ftl[’l]/t] . tk[v/t] = to[’l]/t]
(if F then II; else Il endif)[v/t] =4cf if F[v/t] then II;[v/t]
else Ily[v/t] endif

(par IIi|| ... |/II,, endpar)[v/t] =4es par I [v/t]]| ... |II,[v/t] endpar
v ift; =t
where t1[v/t2] =gey { t elsel 2

Remark. Because the temporary variables are fresh, if ¢; and t5 are distinct
terms then II[vy, /t1][ve, /ta] = vy, /ta][ve, /t1]. In particular, for the set of
terms £ of Read(II) (see p.9), the notation II[; /] is not ambiguous.

But using II[; /f]” for Pgp is not sufficient, because it remains two prob-
lems:

1. The variables vy, , ..., v;, must be initialized with the values of the terms
{t1,...,t-} = Read(II). So the program @; := ¢ must be computed before
[a, /t]tr.
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2. According to the definition 1.12 p.11 the temporal dilatation is uniform,
S0 Psiep should compute the same number of steps for all possible initial
states. To dot that we pad [FZG10] the program using skip n commands,
defined by:

skip 0 =des end
skip n+ 1 =gcy if true {};skip n

We can assume! that II is in normal form, so its translation has the form:

if Fy then {ITI{"};
else if Fy then {II}};

else if F. then {II!"};
end

Because II is in normal form, for all X only one F; is true. So exactly
i steps are done to enter in the block {II!"}. Then m; updates are are
done in the block, and the program stops. The number of steps done is
i+ m; < c+m, where m = maz{m; | 1 < i < c}. So, it is sufficient to
add skip (¢ +m) — (i + m;) at the end of each block {II!"} to compute
them in ¢ + m steps for each possible state X.

We obtain at the figure 10 p.31 the program Pq., which simulates one step
of the ASM program II in a constant number of steps:

Proposition 3.3 (Translation? of one step of an ASM).
1. (Pstep(X) © X)|gmy = AL X ()
2. time(Pstep, X) =r +c+m=tn

where:
e 7 is the number of terms read by Il (see p.?77)
e c is the number of states recognized by I1 (voir p.7?)
e m is the parallelism value of II (voir p.?77?)

Proof. The initialization requires r steps.
For each variable v; and for each state Y after the initialization we have:

__ =X
’UtY =1

. - - =X
In particular for each conditional F;: vFiY =F;
Because II is in normal form, exactly one F; is true in X, let F; be this
formula.

14 ref!
29 Restriction of structures, 7 and ¢
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II= ]Dstep =

Vg, =11
Vg = t2
Vg, =ty ;
if F] then if vp, then
par {
i) =t (@) = va ;
f3(83) =t} f2 (W) =4y
my (t_}nl) = t71n,1 f71n1 (1715},11) = Ut}nl )
skip (c+m) — (1 +my) ;
endpar }
else else {
if F5 then if vp, then
par {
@) =4 fi(Uz) = vz
f3(8) = t3 f3(T) = vz ;
. 2 N . . - .
ma(fma) = U, Fina(z,,) 1= vz,
skip (c+m) — (2+m2) ;
endpar }
else else {
if F, then if v, then
par {
fi(@) =1 Ji(0g) = s
f5(t3) =13 f5(Ug) = veg
o () =15, e (Ui, ) = vee,
skip (c+m) — (c+me¢) ;
endpar }
endif ... endif ;b ...5 }; end

Figure 10: Translation Pgp, of the ASM program II
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The computation requires j steps to reach the block of Fj, then m; steps
for the updates. Then, because of the command skip (¢ + m) — (j + m;), we
obtain an execution time depending only of II:

time(Pstep, X) =7+ (j +m;) + (c+m) = (j+my) =r+c+m
After the initialization of the variables, the updates done in the block are
AL, X | £ ):
A(Pytep, X) = {(01, ) | t € Read(1)} U A(IL, X| £ (1))

The temporary variables are updated only once during the initialization,
then because the ASM is in norml form we have that A(II, X|z)) is consistent.

So Pstep is without overwrite, and because it is terminal according to the
lemma 1.16 we have:

A(‘Pstepu X) = Pstep(X) oX
From these two equalities, we obtain that:

(Pstep(X) © X)|2qm = AL X|£am)

3.2 Translation of the Complexity

Pgiep simulates in constant time one step of the ASM program II, so we want
to repeat it “enough”’ to simulate every execution of the ASM. In this paper
we focus on the polynomial time algorithms, so we assume that there exists a
polynomial function ¢ such that for every initial state X:

time(I1, X) < on(|X])

Because ¢y is a polynomial function, there exists coefficients ao, . . ., @ geg (o) €}
7 such that:
en(XD= 3 alxP< | Y mar(0,a,) | [X|%0en)
0<n<deg(¢mn) 0<n<deg(pm)

So there exists ¢ € N depending only of (r such that:
time (I, X) < ¢ x | X |%e9(en)
And the following program has an execution time greater than IT on X, where

c and size are fresh variables initialized respectively with > maz (0, ay,)
0<n<deg(¢mn)
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and | X|*:

loop ¢
loop size
. deg(pm) times
loop size
Notice that according to the definition 1.21 p.16, the depth of this program
is deg(on).

The intuitive program to repeat Py is :

loop ¢

loop size

loop size
Pstep

But between two executions of P, the number of steps depends of the
actual depth in the program, so the simulation will not have a constant temporal
dilatation. We want the program to execute one step of a loop then to execute
Psiep , then to execute another step of a loop and so on... So, we need to
duplicate? Pyiep before each body of a loop (case where the execution enter
inside a loop) and after each loop command (case where the execution erase a
loop):

loop ¢
Pstep
loop size
Pstep

loop size
Pstep
Pstep

Pstep
Pstep

In fact, our candidate is 1oop ¢ { Pytep; loop?es(¥n) gize {Pstep } }; Pstep where

loop® n {P} is defined by induction:
loop’ n {P} =4y end
loop™ n {P} =4¢r loop n {P;loop’ n {P}}; P

Actually the temporal dilatation is d = t;+1 because the program alternates

between loop commands and execution of Py,. But we can’t ensure that the

14 Préciser au début que nous supposons avoir acces & |X|.

29 Like in [APV10], with the difference that we choose to have each execution of Pitep
after each command and not before. This will make sense when we will add one occurrence
of Pstep before the program to initialize the p-formula Fiy.
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program stops at the same time than II, so we need to detect the end of the
execution.

Notation. The p-formula! of IT is defined by:

Fri=as [\ v=t
t€ Read (II)

In Py, the temporary variables 4 store the value of the terms t read by II,
then the terms ¢ are updated in the block corresponding to the current state.
So, after each execution of Py, the U have the old values of the terms, and
the terms # have the new values. So, if #; = ¢ for all terms in Read(IT) then
the new values are equal to the old values, so the program had not updated the
symbols, so the ASM has stopped:

Lemma 3.4 (u-formula).

_ pitl
time(IL, X| zmy) = min{i € N | FHP*“‘“’ 0 true}

Proof. Remind that:

min{i € N | 7i(Xo) = 757 (X0)} if X is terminal

) A Xo) =
time(4, Xo) def{ 00 else

The two sides of:

ity (X)

) i T Prep (X
h(X|can) =7 (X|zan) € Fu = true

are proven in [?] and [FI]. O
So, the current candidate to simulate the ASM program II is the program:

loop c except Fry
if = Fi1 {Pstep}
loop N except Fpy
if = Fiy {Psiep )

loop N except Fp
if = Fi {Pstep}
if _‘FH {R@tep}

if = Fi1 {Psiep}
if = Fi {Pstep}

The temporal dilatation becomes d = t11 4+ 2 because entering in the condi-
tionals costs one step more. But there are two problems remaining:

14 We choose this name because this formula, is extremely similar to the p-schema of the
recursive functions, see our paper [Marl5| for a version with while commands.
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1. Actually the program cannot evaluate properly the first y-formula Fy; be-
cause the temporary variables have not been initialized yet. But notice
that Iy becomes true after time(Il, X|,m)) + 1 steps. So we add an
occurrence of Py, at the beginning of the program, and after this initial-
ization there will be exactly time(IL, X|z(m)) + 1 repetitions of P, until
F1 becomes true.

2. The simulation is correct until Fi; becomes true, and after that the re-
maining steps consist to erase the last loop commands. Because their
number depends of the current depth, determined by the initial state, we
cannot set a constant ending time for the simulation. But the number of
remaining loop commands is bounded by deg(pr)+ 1, so the current end-
ing time can be bounded too. In fact, for each remaining loop commands
two steps are done: erase the loop then erase the following if F' { Py},
so the ending time is bounded by maz¢ng = 2 x (deg(em) + 1).

Using a fresh variable i.,qy counting the number of steps done after Fyy
became true, we can add at the end of the program the program skip i¢pqg —
MAT eng’ defined by:

Sklpl_>0 :def end
skip i = m+1 =g4c5 if i = m + 1 {end} else {skip i — m};end

. . —_X
For all state X, we can prove by induction on 0 < iong < MaZengx that:
. L ___ x —X
time(skip fend — MaTend, X) = MTeng’ — tend  + 1

It remains to set the correct value for i.,4. This variable is initialized
to 0 and for each remaining loop commands three steps are done: erase the
loop, enter the if and update ic,q. So, we replace each if —Fpy {Pgep} by
if =Fp {Pstep } else {iend = lend + 3; end}, and now mazeng = 3 X (deg(pm) +
1).

3.3 The Simulation

For each ASM program II we obtain at the figure 11 p.36 its translation Pp
simulating the execution of II:

Theorem 3.5. LoopCsiatr Simulates ASMp,,.
Proof. Remind that our simulation p.11 requires three conditions:

1. L(Pn) = LIT) U {v; | t € Read(IT)} U {c, size, icna}

So there is a number of fresh variables depending only of II.

14 mazg g does not depend of the initial state so we can use constructors for it and define
skip ¢ — m by induction on m. We cannot do that for ¢ because contrary to the conditional
which accepts terms, the loop commands can only be bounded by a variable.
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Pstep
loop c except Iy
if =Fi1 {Pstep} else {icnd :=teng + 3;end}
loop N except Fpp
if = Fi1 {Psiep} else {iend := lend + 3;end}

. deg(pn) times
loop N except Fpp
if = Fi1 {Pstep} else {ieng := teng + 3;end}
if = Fi1 {Pstep} €lse {iend := lend + 3;end}

" deg(iprr) times
if = Fi1 {Pstep} else {iend := end + 3;end}
if = Fi1 {Psiep} e1lse {iend := fend + 3;end}
SKip lend — MaTend

Figure 11: Translation Py of the ASM program IT

2. Until Fi1 becomes true the execution alternates between:

a. tr steps of Psp, simulating one step of II according to the proposi-
tion 3.3 p.30.

b. One step to enter in the body of a loop, or erase a loop command.

c. One step to enter in the conditional if —Fyy {Psp}, then back to a.

So, each step of II is simulated by exactly | d = ty1 + 2 | steps of its trans-

lation Pry.

Moreover, the execution is long enough because if ¢ and size are initialized

respectively with > maz(0,a,) and |Xp| in an initial state Xg
0<n<deg(¢m)

then:

time(IL, X) < %0 x (size  °)des(en)

Notice that ¢ and size are never updated, so this inequality holds for every
state of the execution. Moreover, because ¢ does not depend of the chosen
initial state we have, according to the definition 1.21 p.16:

depth(Pr) = deg(emn)

. So, time(Il, X|z(m)) repetitions of these three steps simulate the ASM
program. Then, according to the lemma 3.4 p.34, tg more steps for the
last iteration of Py, make Fip truel.

Then, until skip icng — MaZenq is reached, the execution alternates be-
tween:

14+ Even if time(I1, X|L(H)) = 0, in which case this is the initial Pssp which will execute
all the steps.
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a. One step to erase a loop command.
b. One step to enter in the else part of the conditional if —Fyy.

c. One step of iepg := Gend + 3, then back to a.

Because the variable i.,4 is initialized to 0, when skip teng — MaZeng is

——Xfina
reached at the state Xf,q the value ig,q

Xﬁnal

is the number of steps done since

Fip is true. Then MaZeng % — ieng
MATenq. S0, the ending time is:

+ 1 steps are made by skip teng —

Xfinal —Xfinal

e=t tiend "+ AT g —igng " A1 =ty + M eng i + 1

So‘eztn—&—?)x(deg(gon)—l—l)—&—l‘

4 Conclusion and Discussion
Theorem. LoopCstar =~ A1gO0gp, -

Proof. According to the theorem 10 p.9 Algo = ASM, so we need to prove that
LoopCstat = ASMp,r.

According to the theorem 2.13 p.26 ASM simulates LoopC.

But according to the proposition 1.22 p.17, the programs of LoopCgtat are in
polynomial time, such that deg(pp) = depth(P). So ASMg, simulates LoopCstat -

According to the theorem 3.5 p.35 LoopCsiar Simulates ASMg,,, such that
depth(Pr) = deg(¢n).

So, according to our definition of the simulation p.?? LoopCsiat =~ ALg0p,-
Morevoer, the degree of the complexity is the depth p.16 of the program. O

In other words, because the programs of LoopCgtar are in polynomial time,
and LoopCstar =~ Algosp,, we have that LoopCgiat is algorithmically com-
plete.

From the programmer’s point of view :

e It’s easy to test the practical complexities the degree of the polynom which
is readable directly from the program.

e But LoopC,,,, is not fully compositional. Indeed, in P;; P>, we must verify
that the inputs of Py are not outputs of P;.

e And moreover, it’s difficult to program in LoopC,,,,
must be anticipated before writing the program.

because the complexity

But remind that LoopC does not need constraints on data structures to
be polytime, unlike LoopC,,,.,.. To have the better of the two worlds, it would be
nice to construct an intermediary language, between LoopC,,,, and LoopC

stat

neer-*
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